New Network Permeability
Model of Porous Media

In this study a new mathematical model for predicting permeabilities
of porous media has been developed. The model consists of a set of cubic
networks of arbitrary orientations with respect to the macroscopic flow

direction. The networks consist of capillary tubes which are made up of
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segments of different diameters. It is shown that a cubic network of

capillaries has isotropic permeability properties. The permeability model
requires two pore size distributions and the porosity of the sample for the
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calculations. The calculated permeabilities agreed with experimental results
for a wide range of permeabilities of highly compacted materials to within

=+ 23%, without using adjustable tortuesity factors.

SCOPE

The importance of porous media in a large variety of
engineering endeavors is widely appreciated. Modeling
the transport properties of porous media is a formidable
task because of the great complexity of pore structure.
The existing models of permeability are often inadequate,
particularly for highly compacted porous media. In the
present study an improved equation has been developed
to calculate permeabilities of a large variety of porous
media using easily obtainable pore structure data.

The main deficiencies of existing mathematical models
of porous media are due to insufficient information on pore
structure. A great deal of experimental data show that
there exist continuous flow capillaries of different effective
diameters in porous media and that the effective cross
section varies in a quasi periodic manner along the length
of each capillary. It is shown in this study that a mean
hydraulic pore diameter cannot account for variations in
these structural characteristics. Use of the customary dis-
tribution of pore entry diameters without taking into
account the size of the pores penetrated through the entry
pores is shown to result in absurd conclusions on the pore
structure.

A mathematical model of permeability has been devel-
oped in this study which takes into account certain im-

portant features of the actual pore structure that have
been unaccounted for in previous models. The experi-
mental basis for the model consists of characterization of
the flow capillaries by using two pore size parameters:
the controlling pore enlry diameter and the diameter of
all the other pore segments which may be penetrated
through the controlling neck. For some samples this bi-
variate distribution has been determined experimentally.
For some others it has been estimated using the mercury
intrusion porosimetry curve and the photomicrographic
pore size distribution curve of the sample. By measuring
the permeability of evacuated samples to mercury at
different saturations wilh mercury, it has been shown
that there are continuous flow paths in homogeneous
porous media which are controlled by the largest pore
entry diameters.

The permeability model consists of a set of three-
dimensional cubic capillary networks with arbitrary ori-
entations with respect to the macroscopic flow direction.
The various networks are characterized by different pore
entry diameters, different distributions of pore diameters,
and different cell constants. Each network is assumed to
be built up of identical capillary tubes which, however,
are different in the various networks. Each capillary is
made up of segments of different diameters.

CONCLUSIONS AND SIGNIFICANCE

It has been proven in this study that a three-dimensional
cubic network of capillaries has isotropic permeability. A
formula has been derived on the basis of the model to
calculate sample permeabilities using pore size distribu-
tions and porosities. The theoretical equation contains a
constant numerical factor of 96. Permeabilities have been
calculated by this equation and compared with experi-
mental values for fourteen widely different samples. The
permeabilities have ranged over five orders of magnitude.
Good general agreement between the calculated and ex-
perimental permeabilities has been found. The best fit to
the data requires the constant 96 to be replaced by the
empirical value of 106. Using this value the calculated
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permeabilities agreed with the experimental values within
* 239%. This agreement with experiments is far better
than any existing permeability model would have been
able to provide. The fact that there was no need to use
arbitrary tortuosity factors in order to have agreement is
particularly significant. The numerical coefficient 106 may
be interpreted as corresponding to a constant tortuosity
factor equal to 3.3, whereas the theoretical value corre-
sponding to the model is equal to 3. Further improvement
of the model is possible which should have the result of
reducing the value of the empirical constant 106.

The permeability model given here makes it possible
to calculate permeabilities of a large variety of porous
media from two pore size distribution functions and porosi-
ties. Its success is due to a better appreciation of pore
structure.
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Mathematical models of porous media have a very ex-
tensive literature (for example, Scheidegger, 1963; Bear,
1972) a detailed review of which is outside the scope of
this paper.

MAIN DEFICIENCIES OF EXISTING MODELS

In the case of existing mathematical models the informa-
tion on pore structure is limited to the bulk porosity ¢, and
either the mean hydraulic pore diameter Dy or the distri-
bution of pore entry diameters obtained from a drainage
capillary pressure or mercury intrusion porosimetry curve.
In the first case all the pores in the mode] have the same
diameter which is far irom reality for most real porous
media, whereas in the second case only the entry pore
diameters are used and the volume of the other pores is
assigned to the entry diameters.

The widely used Carman-Kozeny permeability equa-
tion (for example, Scheidegger, 1963; Bear, 1972) is as
follows:

eng
kcx = 1
CK Y% (1)
where
4e
—— 2
Dy S(1—0) (2)

is the channel diameter, equal to 4 times the hydraulic
radius, and § is the specific surface area of the solids in the
medium. k' = ko(Le/L)? is the “Kozeny constant”, where
ko has been called shape factor by Carman and given the
value 2.5, and (L./L)? is the tortuosity factor to which
Carman assigned the value 2.0.

The Carman-Kozeny equation with k¥ = 5 is often a rea-
sonable approximation, particularly in the case of uncon-
solidated media. Nevertheless, k” is not a true constant and
there have been many cases where very great deviations
from the Carman-Kozeny equation have been observed.

In a series of careful measurements Rumpf and Gupte
(1971) have shown that even for randomly packed beds
consisting of a narrow distribution of spheres, k” varies
with the porosity. For e = 0.35 they found k" = 5.1; at ¢
= 0.55 they had ¥ = 3.4, and at ¢« = 0.75 they obtained
again k¥ = 5.1, indicating that with increasing e there is
first a decrease, followed by an increase in the value of k',
For fibrous structures of porosities ¢ == 0.85 and more in-
creasingly high values of k’ are required to obtain agree-
ment with experiments (Wasan et al., 1970).

It is evident from Equations (1) and (2) that, for con-
stant k’, the value of kcx is uniquely determined by the
porosity e and the specific surface area S. It is easy to
demonstrate, however, that the permeability depends also
on the distribution and the topographical arrangement of
capillaries of different diameters. Analogously, as is the
case in electric circuits, capillaries of different conductiv-
ities also may be either in parallel or in series connection.

PARALLEL TYPE NONUNIFORMITIES

The existence of continuous flow channels of different
diameters, leading from one face of the sample to the other
has been demonstrated experimentally by Hewitt (1967)
and Batra (1973), and by model calculations on random
packs, by Schubert (1971).

For simplicity, assuming a bundle consisting only of 2
different sizes of cylindrical capillaries of diameters D, (1
= large) and Dy (s = small), respectively, and equal
length, it can be readily shown by using the Hagen-
Poiseuille equation for each capillary that the bundle per-
meability k varies as
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(1+ yxt) (1 + yx)2
(1 + yx2)3

with x = Di/D;s and y = v/, is the number ratio of large-
to-small capillaries. kck is the value of the permeability cal-
culated by Equation (1) using ¥ = 2 which is the ap-
propriate value for straight cylindrical capillaries. Equa-
tion (3) yields for example, forx = 3 and y = 0.1, k =
2.24 kck. It can be readily shown that the effect of parallel
type nonuniformities always is a higher actual permeability
than the value predicted by using a mean hydraulic pore
diameter. It is noted that this effect necessitates the use of
lower values of k" (that is, of (L./L)?) in Equation (1)
in order to be in agreement with experimental facts. The
value of k" which is needed for agreement with the ex-
periments may be even less than unity. It was pointed out
a long time ago (Childs and Collis-George, 1950) that
the Carman-Kozeny model fails completely in the case of
structured bodies containing fissures. For example, for x =
10% and y = 1078, Equation (3) yields k = 105 kcg.

k=kcx

(3)

SERIAL TYPE NONUNIFORMITIES

In addition to the parallel type pore nonuniformities dis-
cussed above, the effective cross section of capillaries in
porous bodies is known to vary in a quasiperiodic manner
(for example, Haines, 1930; Smith, 1932; Dullien et al,,
1972; Dullien and Batra, 1973; Dullien and Dhawan,
1974).

For simplicity, assuming a bundle of identical straight
cylindrical capillaries, each consisting of a sequence of
wide and narrow segments of diameters D, and Ds, it can
be readily shown by use of the Hagen-Poiseuille equation
for each segment, neglecting expansion and contraction
losses, that the bundle permeability k varies as

(1 + )2 (1 + yx)2
KT ga2)s (1 + y/at)

with x = Di/Ds and y = /1, where I; and I, are the ag-
gregate lengths of the wide and narrow portions, respec-
tively. For example, with x = y = 2 Equation (4) yields

= 0.27 kck, where kck is calculated by Equation (1)
using k¥ = 2. The effect of serial type nonuniformities,
demonstrated by the above example, is for all practical
values of x and y to make the actual permeability smaller
than kCK-

It is evident that the effects of the parallel and serial
type nonuniformities are of opposite sense, and therefore
there is a possibility for mutual cancellation of the two
effects.

k=k

(4)

USE OF PORE ENTRY DIAMETER DISTRIBUTIONS

Turning now to the use of the distribution of pore entry
diameters, as shown in Figure 1, this approach results in
unrealistic pore model. In the figure, for purposes of illus-
tration, two pore sizes are assumed: the small pore diame-
ter Dy is the pore entry diameter and the large pore diam-
eter Dy is the diameter of the other pores. As a typical
value, it is assumed that Dy/Dg = 3. It is also assumed
that all the pores are cylindrical and that the length of the
small pores is equal to the length of the large pores. Bear-
ing in mind that mercury intrusion porosimetry and the
drainage branch of the capillary pressure curve give ab-
solutely no information on the size or even the existence
of the large pores, it will appear to the investigator that
all pores have the diameter Ds. At the same time, the
investigator measures the total pore volume which is equal
to (DZ + Dg?) =/4. Assigning all this volume to the capil-
laries of diameter D, he concludes that there are five
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capillaries of diameter Ds in parallel instead of the one
capillary actually present. The above illustration is, of
course, quite overs;mplified, but it serves the purpose of
making the point that mathematical models which pretend
that all pores are entry pores lead to absurd conclusions
on the pore structure.

EXPERIMENTAL BASIS OF PERMEABILITY MODEL

The objective of this work has been to develop a mathe-
matical model of pore network which takes into account
certain important features of actual pore structure unac-
counted for in previous models. New information on pore
structure has been obtained in a series of experimental
projects.

Entry Pore Size Distribution vs. Actual Pore Size Distribution

In one of the experimental projects the distribution of
pore volume of a large number of porous samples has been
determined by two methods: mercury porosimetry and
quantitative photomicrography. The latter method gives
the distribution of pore volume by all pore diameters D,
and therefore it is much closer to reality than the entry
diameter D, distribution obtained by mercury intrusion
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Fig. 1. Effect of using pore entry diameters.
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Fig. 2. Comparison of pore volume distributions for a sandstone
(Big Clifty 140).
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porosimetry. A typical example is shown in Figure 2 where
the two distributions obtained on a sandstone sample are
compared with each other. The assumptions made and
techniques used in the quantitative photomicrographic
method have been discussed in a series of publications
(Dullien and Dhawan, 1973; Dullien and Batra, 1970;
Dullien and Dhawan, 1974; Dullien and Mehta, 1971/
72). It is evident from Figure 2 that the difference be-
tween the two distributions is very great. As this is typical
of most porous media, a realistic mathematical model of
the pore network must take it into account.

Pore Volume Distribution by Two Pore Size Parameters

In another experimental project, the relationship be-
tween pore entry diameters D, and the diameters D and
volumes of the pore segments which are accessible through
D, has been determined for some samples. This work which
has been described in detail by Dullien and Dhawan (in
press) has resulted in bivariate pore volume distributions,
a(De, D) dD.dD, giving the fraction of pore volume which
is accessible to the non-wetting phase through controlling
necks (entry pores) in the diameter range D, - D, +
dD, and that have diameters in the range of D — D + dD.

Because of the very time consuming nature of these de-
terminations, a technique has been devised to estimate the
bivariate distribution function for samples where only the
two pore size distribution curves exemplified in Figure 2
were available.

The bivariate distribution can be conveniently presented
in the form of a two-dimensional histogram (see Figure
3.b). In the matrix, index i denotes pore of entry and index
j denotes any pore, D; is pore entry diameter, and Dj is
diameter of any pore. Vj; is the percent pore volume in the
sample associated with diameters D; and Dj;. Since the
largest pore of entry in the sample is penetrated first, that
is to say, at the lowest value of the capillary pressure, the
matrix in Figure 3 is best read starting with the entry in
the lower left corner. Proceeding to the right, the per-
centage pore volumes of the various pore segments are
tabulated which were penetrated through the largest pore
of entry, corresponding to ¢ = 3, and D; = 15.5 p. Evi-
dently, the smallest possible value of § is equal to i in every
row. The entries in the matrix corresponding to i = § give
the percentage pore volumes occupied by the pores of
entry. It is apparent from the table that these volumes
make up only a very small percentage of the total pore
volume of the sample.

The calculation of the bivariate pore volume distribution
was done as follows: The area under the mercury poro-
simetry curve (see Figure 2) was divided into three parts
of equal area. For very narrow mercury porosimetry peaks
two and for the broadest peaks four subdivisions were
used. The lower boundary of each zone represents the
diameter of the smallest pore penetrated in the pore vol-
ume represented by the entire area under the curve to the
right of the boundary. As shown in Figure 3a, for each
zone a curve similar to the experimental photomicrographic
pore size distribution curve (Figure 2) was drawn such
that the area under the curve was proportional to the pore
volume penetrated. From the curves in Figure 3a, the bi-
variate pore volume distribution was calculated by sub-
dividing the whole diameter range into suitable increments
and calculating the areas of the zones lying between adja-
cent curves within these increments, as exemplified by
the cross-hatched area in Figure 3b.

An important conclusion may be drawn from the results
obtained in these experiments: large as well as small pores
are entered through small pores of entry. In other words,
these results do not confirm the assumption (Payatakes et
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Fig. 3. Calculation of the coefficients Vi; from the pore size distribu-
tions shown in Figure 2.

al,, 1973) according to which small pore necks are prefer-
entially adjoining small pore bulges and conversely large
pore necks lead into large pore buiges. This is probably the
case only when comparing different packed beds each
consisting of practically monosized particles. The bed con-
sisting of the smaller particles will tend to contain smaller
bulges as well as smaller necks, on the average, than the
bed made up of larger particles.

Permeability to Mercury vs. Saturation with Respect to Mercury

In a third experimental project, the contribution to the
permeability by the pores represented in the different rows
of the matrix similar to the one shown in Figure 3 was
measured for a large number of samples. The apparatus
used for this purpose was designed after that of Hewitt
(1967) and is shown diagramatically in Figure 4. This
kind of equipment is called mercury permeameter and the
technique employing this equipment is known as mercury
permeametry.

The objective of mercury pereametry is to measure the
permeability of the evacuated sample to mercury at differ-
ent saturations with mercury. This technique is similar to
the customary relative permeability measurements using
water, and oil or gas, but it is devoid of the complicating
effects caused by the presence of a viscous and incompressi-
ble wetting phase.

The unit built and used in this study (Batra, 1973) is
operated as follows: After raising the mercury level just
above valve V13, both sides of the system are evacuated.
After shutting valve V7, and opening valves V12 and V13,
mercury is permitted to rise in both manometer tubes. At
the same time, both faces of the sample are flooded with
mercury.

For measurements at subatmospheric pressures, some air
is let into the system by opening valve V2 for a short time,
after shutting valve V1, The level of mercury is permitted
to fall in G2 and rise in G1 by a small amount. After shut-
ting valve V12 and opening V1, both sides of the system
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are again evacuated. The height difference of mercury
in the two manometer tubes makes the mercury flow
through the sample. The change of height of mercury in
the manometer tubes is automatically recorded by the use
of resistance wires in the tubes.

For measurements made above atmospheric pressure,
nitrogen gas is admitted to the two sides from two separate
cylinders until the desired pressure is reached, in such a
manner that the mercury is at the same level in the two
manometer tubes. After the penetration of mercury into the
sample reaches equilibrium, a small pressure differential
is set up by opening V10 for a short time. As a result,
mercury starts flowing through the sample from G1 to G2.
The change in height in the tubes is recorded automatically
vs. time.

The pressure is raised in a stepwise manner from run to
run until the sample is completely saturated with mercury
and no more increase in permeability can be registered. In
each run the permeability is calculated in the customary
manner from the variation with time of the mercury levels
in the manometer tubes (Batra, 1973). The saturations
with respect to mercury at the various pressures are taken
from the mercury porosimetry curve of the sample.

Typical mercury permeability vs. saturation curves are
shown in Figure 5. It is evident from the curves that al-
ready at a relatively low saturation there must be continu-
ous flow channels in the medium which contribute a sig-
nificant fraction of the total permeability. At the low satu-
rations only the largest entry pores in the sample are pene-
trated by the mercury; therefore, these flow channels con-
sist only of such pores that can be penetrated through
large pore necks.

From a hypothesis of random arrangement of pore seg-
ments of different diameters at first sight it may appear
that pores of all different diameters should occur along
each continuous path. In fact there are continuous paths in
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Fig. 4. Schematic diagram of mercury permeameter (Batra, 1973).
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the medium which contain only the largest pore segments.
This is a very important fact since such a channel has much
higher hydraulic conductivity than one of equal length con-
taining the complete distribution of pore diameters. There-
fore, these channels play a very significant role in the sam-
ple permeability.

This behavior is not necessarily a consequence of non-
random pore structure, and therefore it should be distin-
guished from the phenomenon commonly called channel-
ing. Schubert (1971) has shown by model calculations that
breakthrough to a nonwetting phase from the inlet to the
outlet face of a system containing random distribution of
10 different pore diameters, arranged on a square lattice,
occurs after the penetration of the third largest pore diam-
eter (number 8 on a scale of 10-1). Hence even for com-
pletely random arrangement of pore diameters, there are
continuous paths across the sample which contain only
the largest pore diameters. There follows that a certain
degree of channeling is unavoidable even in the case of
ideally random packing,.

In Figure 5 the observed increase in permeability with
saturation is the result of penetration of mercury into in-
creasingly narrow pore necks. Additional flow channels,
characterized by decreasing values of D; (Figure 3) be-
come thus filled with mercury and contribute to the flow
across the sample, It is noted that each new path is of
necessity in parallel connection with some existing flow
channels and may or may not be in series connection with
some others. If a new flow channel runs from one face of
the sample to the other without intersecting any of the al-
ready contributing channels then it will not be in series
connection with any of them. In Figure 6, the various pos-
sibilities are shown diagramatically.

THE PERMEABILITY MODEL

A realistic mathematical model of the pore network must
take into account all of the above findings. Since the hy-

St. MEINRAD 142 ( MANSFIELD) &
1.0

T 0.8+

w

S o6l

~

x NOXIE 129 (FWP) @
04
0.2
o I 1 1

20 40 60 80 100
% SATURATION

Fig. 5. Mercury permeability versus saturation curves for three dif-
ferent sandstones (Batra, 1973).
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ABC : CAPILLARY CONTROLLED BY LARGE NECKS

D,E, and F : CAPILLARIES CONTROLLED BY
NARROWER NECKS

ABC IS IN PARALLEL CONNECTION WITH F;

D IS IN PARALLEL CONNECTION WITH C ;
E IS IN PARALLEL CONNECTION WITH A ;

D and E ARE IN SERIES CONNECTION WITH B

Fig. 6. Parallel and series arrangements of flow channels controlled
by necks of different diameters.

draulic conductivity of a flow channel is most sensitive to
the diameter of the narrowest segment contained in it, the
different flow paths must be characterized first of all by
the smallest diameter they contain, that is, D;. Since the
other pore segments contained in a flow capillary, particu-
larly those which are not very much greater than the entry
pore also have an effect on its hydraulic conductivity, each
tlow channel should be characterized also by all the other
segment diameters D;. The relative aggregate lengths of
the segments of different diameters contained in each flow
channel are determined by the total volume V; of the vari-
ous segments. It is evident that all the information neces-
sary to calculate these properties of flow channels of the
model are contained in the rows of the matrix in Figure 3b.
Each row represents a different class i of flow channels.

Definition of Model

The facts on pore structure which are available as a
result of the above experimental work permit a number of
possible arrangements of the flow capillaries. The informa-
tion available on pore structure defines the various classes
i of capillaries with respect to the size distribution and
relative lengths of the pore segments contained in them.
One might think of a set of different strings of beads, each
with a given distribution of bead sizes and total string
length. The problem is how to arrange these strings of
beads in a box. For example, one could cut each string into
representative parts of equal length equal to the distance
between the two faces of the box and form a parallel
bundle of them. This model would be extremely anisotropic
because it would have permeability only in the direction
parallel to the bundle and zero permeability in all other
directions. In addition, a bundle does not have network
properties whereas real porous media do. It is important to
have network characteristics and isotropic properties in-
corporated in the model. It is equally important that the
model could be readily used for numerical calculations.

The permeability model consists of a set of three-dimen-
sional networks. Each class i of flow capillaries forms an
independent network in the model. A network 1 is assumed
to be built up of identical capillary elements. Using once
more the analogy of a string of beads, imagine that the
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beads are arranged on the string in such a way that the
various sized beads repeat periodically as shown dia-
gramatically, using five different pore segments, in Figure
7. Then the string is cut into pieces so as to obtain identi-
cal short strings of beads. These pieces are used as capil-
lary elements of the network. Each element has the same
length, the same size distribution, and the same hydraulic
conductivity. The elements in the different classes i of net-
works have different size distributions, lengths, and hy-
draulic conductivities.

The independence of the different networks 4, corre-
sponding to the different classes i, is an assumption. In
reality the flow capillaries of the different classes i most
likely intersect with each other. It is possible, however,
that the intersections dont make a major difference in
permeability for the reason shown diagramatically in Fig-
ure 8. As is apparent from this figure, the pressure in the
two capillaries of different diameters is the same at the
mathematical point of intersection and, therefore, in the
case of actual intersection it will not change its value.
Thus the flow rates will remain unchanged, too. The hy-
drodynamic disturbance at the point of intersection has
been neglected in this simple argument, and the two capil-
laries have been treated as two electric conductors.

For the present mathematical model, a cubic network
of the capillary elements has been chosen with an arbitrary
orientation with respect to the macroscopic flow direction.
As it will be shown below, a cubic network of capillaries
is isotropic; in other words, it has the same permeability
in any arbitrary direction as the permeability measured in
any one of the principal directions. Using the cubic lattice
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Fig. 7. Schematic diagram showing capillary element of which cubic
lattice is built.
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Fig. 8. Pressure distributions in two intersecting capillaries of dif-
ferent diameters.
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DIRECTION OF FLOW

PERPENDICULAR TO THE PLANES
DEFINED BY ANGLES a AND 8

Fig. 9. Representative cell of model—the capillaries drawn in heavy
lines are contained in the cell between the two parallel plones.

oriented with one of the principal directions parallel to
the macroscopic flow direction is not satisfactory because
only one-third of the capillaries are conducting, the other
two-thirds, however, contain stagnant fluid. Using the
cubic lattice in an arbitrary orientation with respect to the
flow direction, however, appears to amount to a reasonable
network model.

A representative element of arbitrary orientation cut out
of the cubic lattice by two parallel planes is shown dia-
gramatically in Figure 9. The orientation of the planes is
defined by the two angles « and 8. The two planes should
be thought of as having infinite extent; however, the finite
cell shown in the figure, as used in the calculations below,
is representative of the region contained between the two
infinite planes.

Calculation of Permeability of Model

In the following the permeability of the representative
unit cell will be calculated. The different classes of flow
capillaries in the model will in general have different cell
constants @; and, of course, also different permeabilities k.
The treatment below is given for class i of flow capillary.

First the volumetric flow rate across the two faces per-
pendicular to the macroscopic flow direction of the i-cell
will be calculated. In the i-cell, the lengths of the x-, y-,
and z-tubes are, respectively,

(lt):c =acota
(L)y = a; cot 8 (5)
(li)z =a

The numbers of x-, y-, and z-tubes in the cell are, respec-
tively,
nz=cot B

ny = cota (6)
n, = cot « cot 8
The volumetric flow rate in the cell is

Qi= (Qi)z+ (Q)y + (Q1)2 (7)

where (Qi)z, (Qi)y, and (Q;), are the volumetric flow

rates in the cell contributed by all the x, y, and z tubes,

respectively. Assuming laminar flow and neglecting con-

traction and expansion losses, these flow rates can be ex-

pressed by using the Hagen-Poiseuille equation for arbi-

trary capillary j-segments in the flow capillaries as follows:
(aPy)z Di

(Qi)z = L; —_—128 p cot 8
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_ (aPy)y Di =

(Q)y = » mwta (8)
_ (APy)z Djtw
(@)= L, 128% cot o cot 8

where APy; is the pressure drop in a segment of length ;.
Let the total number of l;; segments in the cell be n;;. Thus
the total length of these segments in the cell is ny; [, and
the total length of flow capillaries contained in the cell is

Li=z2ny L (9)

However, this length can also be expressed by using Equa-
tions (5) and (6) as follows:

L; = a; cota cot 8+ a; cota cot 8+ a; cot« cot 8

= 3a; cota cot 8 (10)
Thus
3 ny by = 3a; cot a cot B (11)
i

The cot 8 x-tubes make up 1/3 of the total tube length.
Thus the number of l; segments in one x-tube is n;;/3 cot 8.
The number of l;; segments in all the y-tubes and z-tubes
is also n;;/3. Hence the number of l; segments in one y-
tube is 1;//3 cot « and in one z-tube ny;/3 cot « cot 8.

Since the pressure gradients are inversely proportional
to the tube lengths

(&Py;)z (ny/3 cot B) = (APy)y (n;/3 cota) (12)

or
AP;
_EZ}%;L =cot a/cot 8 (13)
Analogously :
AP;;
EAPJ;z = cota (13b)
ij/lz

Combining Equations (13) with Equations (8) and sub-
stituting in Equation (7) there follows:

Qi = (Qi)e (1 + cot?a/cot?8 + cota) (14)

In the following sequence of manipulations, (Q;): is ex-
pressed in terms of the pressure drop AP between the faces
of the unit cell. AP can be written as follows:

AP =3 (APij); ny;/3cot B (15)
£}
Introducing into Equation (15) the first Equation (8)
12 i
AP = —S—F’—(g-)—i 3 lij/Dj4 (16)
3mcot’B i

Dividing the first Equation (8) by Equation (18):

(aPy) 2 ly/ Djt

= (17)
3AP cot 8 3 ny L/ Dt
j

Substituting this result back into the first Equation (8)
AP cot?8 RE]

ilx = 18
<Q ) p Nij lij/Dj4 128 » ( )
i

Introducing this expression for (Q;). into Equation (14)
gives

AP
Qi

w
- b nij lij/Dj4 128 1
)

(cot?a + cot?B + cot?a cot?B)

(19)

According to Darcy’s law, the permeability k; of the
i-cell is
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_ Qe
Ty o

where A,, the cross-sectional area of the cell, is
A; = a2 \/cot?a cot?8 + cot?a + cot28 (21)

and L;, the distance between the two faces of the cell is

_ a; cota cot B
' /cota cot?B + cota + cot?B8
A combination of Equations (19), (20), (21), and (22)

results in

(22)

3« cota cotf

ki = 23
"7 128 43 3 ny Ly/ Dyt (23)
H
The total volume V; of all ;; segments in the i-cell is
D2
V= ——nyly (24)
From Equation (24) there follows:
4
% ny /Dt = — 3, Vy/DP (25)
J aT 3
and also
4
%ty ly = — 3 Vy/Dg (26)
J w3
Combining Equation (26) with Equation (11)
3 Viy/Dg
3cotacot = — A (27)
T a;
The porosity ¢; of the i-cell is
IVy Vy
2 J
€« = (28)

LiA; ~ adcota cotB

where Equations (21) and (22) have been used. Com-
bination of Equations (23), (25), (27), and (28) results
in

(2Vy/D)*

2

€

— 29
3 X 32 (5Vy) (3 Vy/DF) @9
3 J

i

It is important to note at this point that the result ex-
pressed in Equation (29) implies that the permeability of
a cubic network of capillaries is independent of the macro-
scopic flow direction through the network. As shown in
a separate communication (Dullien, to be published), this
result holds independently of the bivariate pore volume
distribution also used in the model. It is only necessa
that the tubes of which the cubes consist should either all
have the same conductivity or the conductivities be dis-
tributed randomly over the whole network. The permeabil-
ity of all such cubic networks is isotropic. It can also be
shown that anisotropy can be modeled by using either
capillaries of three different conductivities or three differ-
ent cell constants (a;, b;, ¢;) in the three principal direc-
tions of the network.

Evidently

€t €

3V, 33V,
3 t J

(30)

where ¢ is the total bulk porosity and 3 3 Vj; is the total
i

pore volume of the sample. Using Equation (30) in Equa-
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tion (29) gives the final expression for the permeability
k; of the i-cell

(2 Viy/Dy)?
3

ki (31)

~ %63 1Vy 3 Vy/Dp
i 3

In the model, the assumption of independent networks
has been made for different values of i, and hence, the
permeabilities k; of the i-networks are additive, resulting
in the expression for total permeability kn of the model

km:§kf (32)

The form of Equation (31) is similar to that of all geo-
metric permeability models including, of course, the Car-
man-Kozeny model [compare with Equation (1)]. The
value of the constant in the denominator of Equation (31)
is equal to 96 a fact which, in harmony with independent
results (Satterfield, 1970; Haring and Greenkorn, 1970),
may be interpreted as a tortuosity factor of 3 for the
model. The part of Equation (31) consisting of the three
summations is merely the value of the mean square diame-

ter D of the flow channel i according to the present
model; therefore Equation (32) may be written as

k,,.:%gp? (33)

RESULTS AND DISCUSSION

The mathematical model has been tested by evaluating
kw using Equation (33) and comparing the result with the
measured permeability k in the case of 14 widely different
sandstones. The reason for using sandstones was partly an
appreciation of the well-known difficulties which have been
experienced in the past by other workers when trying to
predict sandstone permeabilities by using other models,
partly the fact that a great deal of work had been done on
these sandstones in these laboratories, and therefore they
were available and it was logical to use them also for
testing the permeability model.

The permeabilities of the sandstones were measured by
Dhawan (1972) and Batra (1973) by flowing 2% NaCl
solutions through the samples and were remeasured for
ten of the sandstones by Azzam (1974) using unsteady
state gas permeametry over a wide range of flow rates. De-
tails of this latter work will be reported in another com-
munication. Whenever available, the more extensive mea-
surements of Azzam were used for comparison with the
calculated permeabilities. The porosities were determined
gravimetrically by saturating the samples with 2% NaCl
solution.

For two of the sandstones, Bartlesville and Berea
(BE-1), the bivariate pore size distribution function was
determined by Woods Metal Porosimetry by Dhawan
(1972), (also Dullien and Dhawan, 1974, in press). As
the experimental labor involved in this work is very tedi-
ous, for the rest of the samples, the bivariate pore volume
distribution function was estimated from the two different
pore size distribution curves which were determined for
each sample (see Figures 2 and 3) by using the technique
described above in the experimental part of this paper.

A comparison of the permeabilities kn calculated by
Equation (33) with the experimental values  Kkesp, has
shown that the former were on the average about 10% too
high, that is, the experimental permeabilities were, in the
mean, better fitted by the calculated permeabilities Kcaic

obtained by the equation
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Fig. 10. Comparison of calculated vs. experimental permeabilities of

sandstones.
€ J—
kcalc = m % Di2 (34)

The permeabilities kcaic calculated by Equation (34) are
compared with the experimental values kexp in F igure 10,
As it is apparent from this figure, the permeabilities of the
sandstones covered in this study range over five cycles. All
the points on the graph are within a factor of 1.7 from the
45° line, 86% of them are within a factor of 1.4 and 43%
are within a factor of 1.2. The average scatter of the points
about the 45° line = 23%. This scatter is, statistically
speaking, fully accounted for by the scatter of experimen-
tal permeabilities caused by the inhomogeneity of the sam-
les.
P The various assumptions made in the model also might
result both in a random scatter and in the systematic devia-
tion of the values obtained by the model, that is, Equation
(33).

The assumption of circular cross section of the capillary
segments might be a serious source of error were it not for
the at least partial cancellation of this effect for the crucial
diameters of the entry pores which were calculated from
capillary pressure data by using the very same assumption
(Carman, 1956).

As it was pointed out by Scheidegger (1963), the per-
meability equations obtained by him for the parallel and
serial type capillaric models were extremely sensitive to
the serious errors which usually exist at the two extremities
of the pore size distribution curve. For the present per-
meability model, however, this is not the case as the great-
est contribution to ky, comes from those k;’s that correspond
to the neighborhood of the peak of the mercury porosim-
etry curve which is the best defined part of the distribution.
The two extremities of the mercury porosimetry curve
contribute only negligibly to the value of kn.

The assumption of the Hagen-Poiseuille equation in the
model implies that dissipation of the mechanical energy
owing to curvatures and to convergent-divergent flow was
neglected in the model. It has been shown by the experi-
ments of Dullien and Azzam (1973) that, at least for short
pieces of cylindrical capillaries of different diameter, fitted
end-to-end, this dissipation effect may be significant. Al-
lowing for these effects in the model would have resulted
in lower permeabilities k.

There is another source of error in the model calcula-
tions which is due to the assumption that all the fluid
contained in the volume elements V; is flowing when under
the influence of a pressure gradient. These volumes, how-
ever, have been determined by mercury porosimetry, and
it is likely that not all of the mercury which is injected into
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the evacuated sample at a certain capillary pressure forms
continuous arteries. Some of the mercury may be contained
in capillaries which branch off from the arteries and con-
tain narrow necks at certain points, preventing further
penetration of the mercury under the given capillary pres-
sure. Evidently when imposing a pressure gradient, only
the mercury contained in the continuous arteries will flow
whereas the mercury contained in the pseudo dead-end
branch capillaries will not. Therefore, in the model calcula-
tions the values of V; used for the biggest value of i (that
is to say, the largest entry pores) were presumably too
big resulting in excessively large values k;. By the same
token the k; of the channels with the smallest pore entry
diameter (lowest value of i) might have been underesti-
mated, but on the balance it is reasonable to expect that
the predicted permeability k», would turn out to be less if
there had been a way to allocate the effective pore volumes
more accurately to the different classes i of flow channels.

Summing up, it seems certain that if the present model
were perfected by eliminating or at least decreasing the
above sources of error unaccounted for in the present cal-
culations, the result would be a decrease in the predicted
permeability value kn.
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NOTATION

A cross-sectional area perpendicular to direction of

macroscopic flow

Il

a = cell constant

D = pore diameter

k = permeability

ky = shape factor

k¥ = Kozeny constant, [ko (L./L)?%]

L = length of macroscopic flow path

L, = average, effective length of microscopic flow paths
along L

Li = length of a pore segment

[A = capillary length in the i-cell

n; = number of L; segments in the model

n = number of capillaries in the i-cell

P = pressure

Q = volumetric flow rate

S = specific surface area based on solids volume

1% = volume

x = ratio of large-to-small diameter (D;/Ds)

y = number ratio of large-to-small capillaries (v/vs)

y = length ratio of large-to-small capillaries (Ii/1;)

Greek Letters

a(De, D) = bivariate pore size distribution function

e = angle defining orientation of plane perpendicular
to macroscopic flow direction

B(D, D) = size distribution of pores the entry to which
is controlled by necks greater than or equal to D,

B = angle defining orientation of plane perpendicular
to macroscopic flow direction

e = bulk porosity

B’ = viscosity

AIChE Journal (Vol. 21, No. 2)

Subscripts

CK denotes Carman-Kozeny permeability

e denotes entry pore

H denotes hydraulic diameter

i = dummy index referring to size of narrowest seg-

ment (entry pore) in a flow capillary
dummy index referring to size of a segment in a
How capillary
= large
denotes model permeability
= small
denotes x-coordinate direction
denotes y-coordinate direction
denotes z-coordinate direction

-~

NQRMSN

LITERATURE CITED

Azzam, M. L. S., “Experimental and Theoretical Study of the
Volume Averaged Navier-Stokes Equation in Porous Media,”
Ph.D. thesis, University of Waterloo (1974) (in prepara-
tion).

Batra, V. K., “An Experimental Investigation of the Structure
of Porous Media and its Relation to Oil Recovery,” Ph.D.
thesis, University of Waterloo (1973).

Bear, ., Dynamics of Fluids in Porous Media, American Else-
vier, New York, London, Amsterdam (1972).

Carman, P. C., Flow of Gases through Porous Media, Butter-
worths, London (1956).

Childs, E. C., and N. Collis-George, “The Permeability of Po-
rous Materials,” Proc. Royal Soc., A. 201, 312 (1950).

Dhawan, G. K., “Photomicrographic Investigation of the Struc-
ture of Sandstones and other Porous Media by the Methods
of Quantitative Stereology: With Application to Oil Re-
covery,” Ph.D. thesis, University ot Waterloo, Ontario
(1972).

Dullien, F. A. L., and M. 1. S. Azzam, “Flow Rate-Pressure
Gradient Measurements in Periodically Non-Uniform Capil-
lary Tubes,” AICKE ]., 19, 222 (1973).

Dullien, F. A. L., and V. K. Batra, “Determination of the Struc-
ture of Porous Media,” Ind. Eng. Chem., 62, 25 (1970).

Dullien, F. A. L., and G. K. Dhawan, “Photomicrographic Size
Distribution Determination of Non-Spherical Objects,” Pow-
der Technol., 7, 305 (1973).

., “‘Characterization of Pore Structure by a Com-
bination of Quantitative Photomicrography and Mercury Po-
rosimetry,” J. Interface Colloid Sci., 47, 337 (1974).

— ., “Bivariate Pore Size Distributions of Some
Sandstones,” J. Interface Colloid Sci., in press.

Dullien, F. A. L., and P N. Mehta, “Particle Size and Pore
(Void) Size Distribution Determination by Photomicro-
graphic Methods,” Powder Technol., 5, 179 (1971/72).

Dullien, F. A. L., “Use of Three-Dimensional Networks to
Model Permeabilities of Porous Media,” to be published.

Haines, W. B., J. Agr. Sci., 20, 97 (1930).

Hewitt, G. F., Porous Carbon Solids, R. L. Bond (ed.), p. 203
Academic Press, London (1967).

Kyan, C. P, D. T. Wasan, and R. C. Kintner, “Flow of Single-
Phase Fluids through Fibrous Beds,” Ind. Eng. Chem. Funda-
mentals, 9, 596 (1970).

Rumpf, H., and A. R. Gupte, “Einfliisse der Porositit und
Korngrossenverteilung im Widerstandsgesetz der Porenstro-
mung,” Chem.-Ing.-Techn., 43, 367 (1971).

Satterfield, C. N., Mass Transfer in Heterogeneous Catalysis,
M.LT. Press, Cambridge, Mass. (1970).

Scheidegger, A. E., “The Physics of Flow through Porous
Media,” Univ. Toronto Press {1963 ).

Schubert, H., “Untersuchungen zur Ermittlung von Kapillar-
druck und Zugfestigkeit von feuchten Haufwerken aus korn-
igen Stoffen,” Doktor-Ing. dissertation, Universitit Karlsruhe,
Germany (1972).

Smith, W. O., “Capillary Flow through an Ideal Uniform Soil,”
Physics, 3, 139 (1932).

Manuscript received July 23, 1974; revision received November 12
and accepted November 13, 1974,

March, 1975 Page 307





